RECONSTRUCTION OF HIGHER-DIMENSIONAL FUNCTION 

FIELDS 

FEDOR BOGOMOLOV AND YURI TSCHINKEL 

Abstract. We determine the function fields of varieties of dimension 
> 2 defined over the algebraic closure of Fp, modulo purely inseparable 
extensions, from the quotient by the second term in the lower central series 
of their pTO-£ Galois groups. 



Contents 

Introduction 1 

2. Basic algebra and geometry of fields 3 

3. Galois groups 4 

4. Valuations 5 

5. ^-adic analysis: generalities 10 

6. One-dimensional subfields 15 

7. Proof 21 
References 22 



Introduction 

Fix two distinct primes p and i. Let k = ¥phe an algebraic closure of the 
finite field Fp. Let X be an algebraic variety defined over k and K = k{X) 
its function field. We will refer to X as a model of K; we will generally 
assume that X is normal and projective. Let Q^^ be the abelianization of the 
pro-£-quotient Qk of the absolute Galois group of K. Under our assumptions 
on k, Q'^ is a torsion-free Z^-module. Let Q'j^ be its canonical central exten- 
sion - the second lower central series quotient of Qk. It determines a set T.k 
of distinguished (primitive) finite-rank subgroups: a topologically noncyclic 
subgroup cr e T^K iff 
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• a lifts to an abelian subgroup of 

• cr is maximal: there are no abelian subgroups a' C Q% which lift to 
an abelian subgroup of Q^^ and contain cr as a proper subgroup. 

Our main theorem is 

Theorem 1. Let K and L be function fields over algebraic closures of finite 
fields k, resp. I, of characteristic ^ L Assume that the transcendence degree 
ofK over k is at least two and that there exists an isomorphism 

(1.1) ^ = ^K,L : Gk^QI 
of abelian pro-i-groups inducing a bijection of sets 

Then k = I and there exists a constant e G such that ■ is induced 
from a unique isomorphism of perfect closures 

In this paper we implement the program outlined in [1] and [2] describ- 
ing the correspondence between higher-dimensional function fields and their 
abelianized Galois groups. We follow closely our paper [ ], where we treated 
in detail the case of surfaces: The isomorphism (1.1) of abelianized Galois 
groups induces a canonical isomorphism 

between pro-£-completions of multiplicative groups. One of the steps in the 
proof is to show that under the assumptions of Theorem 1, \E'* induces by 
restriction a canonical isomorphism 

(1.2) ^* : L*/l* ® Z(^) ^ {K*/k* ® Z(^))' , for some e G Z^ 

Here we proceed by induction on the transcendence degree, using [4] as the 
inductive assumption. We first recover abelianized inertia and decomposition 
subgroups of divisorial valuations using the theory of commuting pairs devel- 
oped in [3]. Then we apply the inductive assumption (1.2) to residue fields of 
divisorial valuations. This allows to prove that for every normally closed one- 
dimensional subfield F = 1(f) C L there exists a one-dimensional subfield 
E C K such that 

^*(F7/* ® Z(,)) C {E*/k* ® Z(,))' , 

for some constant e G Z|, depending on F. The proof that e is independent of 
F and, finally, the proof of Theorem 1 are then identical to those in dimension 
two in [ i ] . 
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2. Basic algebra and geometry of fields 

Here we state some auxiliary facts used in the proof of our main theorem. 

Lemma 2.1. Every function field over an algebraically closed ground field 
admits a normal model. 

Lemma 2.2. For every one-dimensional subfield E C K there is a canonical 
sequence of maps 



where 

• tte is dominant with irreducible generic fiber; 

• fiE is quasifinite and dominant; 



• k{C') = E (the normal closure of E in K) and k{C) = E. 
Note that C and C do not depend on the choice of a model X. 

We call a divisor p-irreducible if it is a p-power of an irreducible divisor. 

Lemma 2.3. Let n : X ^ C be a surjective map with irreducible generic 
fiber and R G X an irreducible divisor surjecting onto C. Then the intersec- 
tion R ■ 7r~^(c) is p-irreducible for all but finitely many c E C. 

Proof. This is a positive-characteristic version of Bertini's theorem. □ 

Lemma 2.4. Let tt : T ^ C be a separable map of degree m with branch 
locus {ci, . . . , ctv} C C. Write 



X 



m 



m 



71 (Cj) = y^Gj,r'tj,r, tj,r G ej,r £ N, and 




r=l r=l 



Let e'j J. be the maximal prime-to-p divisor ofej ^. Assume that 



m 




r=l 



for all j = 1, . . . , N. Then 



g(T) > AT - 3. 
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Proof. Hurwitz formula (for curves over a field of finite characteristics). □ 

Let X C be a normal projective variety of dimension n > 2 over k. 
Consider the moduli space A4.{d) of complete intersection curves on X of 
multidegree d = {di, . . . , For \d\ ^ we have: 

• for any codimension > 2 subvariety Z C X there is a Zariski open 
subset of A4{d) such that every curve C parametrized by a point in 
this subset avoids Z and intersects every irreducible divisor D C X. 

Such families will be called families of flexible curves. 

A Lefschetz pencil is a surjective map 

A : X ^ 

from a normal variety with irreducible fibers and normal generic fiber. 

Lemma 2.5. Let A : X ^ ¥^ be a Lefschetz pencil on a normal projective 
variety. Then there exists an m & N such that every irreducible normal flber 
Dt := A~^(t) contains a family of flexible curves of genus < m. 

Proof. We can realize the fibers Dt simultaneously as hyperplane sections 
in a fixed projective embedding and consider induced complete intersection 
curves. The degree calculation for X yields a uniform genus estimate for 
corresponding flexible curves for all Dt. □ 

The following lemma is a consequence of the Merkuriev-Suslin theorem: 

Lemma 2.6. [5, Lemma 25]. Let K = k{X) be a function fleld of an al- 
gebraic variety of dimension > 2. Two functions /i,/2 € K*/k* are alge- 
braically dependent if and only if the symbol in the (reduced) second Milnor 
K-group of K vanishes: 

(/i, /2) = G K.2\K)/ inflnitely divisible elements. 

3. Galois groups 

Let the abelianization of the pro-£-quotient Qk of the Galois group of a 
separable closure of K = k{X), 

Qk = Gk/[[Gk, Gk],Gk] Gk 

its canonical central extension and pr the natural projection. By our assump- 
tions, Gk is ^ torsion-free Z^-module. 
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Definition 3.1. We say that 7, 7' G Q% form a commuting pair if for some 
(and therefore any) of their preimages 7 G pr~^(7), 7' G pr~^(7') G one 
has [7,7'] = 0. A subgroup 7i ofQ'^ is called liftable if any two elements in 
Ti form a commuting pair. A liftable subgroup is called maximal if it is not 
properly contained in any other liftable subgroup. 

Definition 3.2. A fan T,k = {c} on Qf^ is the set of all topologically noncyclic 
maximal liftable subgroups a C Q%. 

Notation 3.3. Let 

:= { '71 } 

and 

= lim fi^u 

n— >oo 

be the Tate twist of Z^. Write 

k* := lim K*/{K*Y" 

n— ►oo 

for the £-adic completion of the multiplicative group K*. 
Theorem 3.4 (Kummer theory). For every n eN we have a pairing 

[-,■]„ : ^^/r X ir7(if*r ^ 

(/i,/) ^ [/i,/]„:=M/)// 

which extends to a nondegenerate pairing 

[-,•] : g%xk*^Mi). 

Since k is algebraically closed of characteristic 7^ £ we can choose a non- 
canonical isomorphism 

From now on we will fix such a choice. 

4. Valuations 

In this section we recall basic definitions and facts concerning valuations, 
and their inertia and decomposition subgroups of Galois groups (see [ ]). 

A (nonarchimedean) valuation v = (u, T^) on K is a pair consisting of a 
totally ordered abelian group = (F^, +) (the value group) and a map 

V : K ^ Vy^oo ■= U {00} 

such that 

• u : K* — » F,^ is a surjective homomorphism; 



6 



FEDOR BOGOMOLOV AND YURI TSCHINKEL 



• ^{k + k') > min(i^(K), z^(k')) for all k, k' G K; 

• z/(0) = oo. 

Every valuation of K = k(X) restricts to a trivial valuation on A; = Fp. 

Let o^,m^ and li'j^ be the ring of //-integers in K, the maximal ideal of O;, 
and the residue field 

Basic invariants of valuations are: the Q-rank rkQ(rj,) of the value group 
and the transcendence degree tr deg^,{Ky) of the residue field. We have: 

(4.1) rkQ(r,) +trdegfe(K,) < trdegfc(i^). 

A valuation on K has an algebraic center c^^x on every model X of K; 
there exists a model X where the dimension of c^^x is maximal, and equal 
to tr degi.{Ky). A valuation u is called divisorial if 

trdegfc(K,) = dim(X)-l; 

it can be realized as the discrete rank-one valuation arising from a divisor on 
some normal model X of A'. We let Vk be the set of all nontrivial (nonar- 
chimedean) valuations of K and Wk the subset of its divisorial valuations. 
It is useful to keep in mind the following exact sequences: 

(4.2) 1 ^ 0* ^ A'* ^ ^ 1 
and 

(4.3) l^(l + m,)*^o:^K:^l. 
For every u E Vk we have the diagram 

I'' c v c Gl- 

J- i- J' 

c c Ql, 

where Xl,Xl,V>%,V>^ are the images of the inertia and the decomposition 
group of the valuation v in respectively, the left arrow is an isomor- 
phism and the other arrows surjections. There are canonical isomorphisms 

-^II^I^Qk. and VllZl^Q'^,^. 

The group VI is the centralizer of = J" in Q^, i.e., X° is the subgroup of 
elements forming a commuting pair with every element of P". 
For divisorial valuations v E VVk, we have 



(4.4) 
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Kummer theory, combined with equations (4.2) and (4.3) yields 

(4.5) = {7 G Bom{K*, Ze) \ 7 trivial on 0*} = Hom(r^, Z^) 
and 

(4.6) I?« = {7 G Hom(i^*, Ze) \ 7 trivial on (1 + m^)*}. 
In particular, 

(4.7) rkz,(J^) < rkQ(r,) < tTdeg,{K). 

Two valuations ui, 1^2 are dependent if there exists a common coarsening val- 
uation (i.e., is contained in both m,^^, nXi^J, in which case 

For independent valuations , z/2 we have 

/r* = (l + m,J*(l+m,J*; 

it follows that their decomposition groups have trivial intersection. 
In [3, Proposition 6.4.1, Lemma 6.4.3 and Corollary 6.4.4] we proved: 

Proposition 4.1. Every topologically noncyclic liftable subgroup a of Q'^ 
contains a subgroup a' C a such that there exists a valuation v G Vk with 

and a ja' topologically cyclic. 
Corollary 4.2. For every a G Y^k one has 

rk2;,((T) <trdeg,(i^). 

Proof. By (4.7), 

rkz,(J^)<trdeg,(i^'). 

We are done if cr = o' . Otherwise, V^/X'^ is nontrivial and tr degj^{Ky) > 1. 
In this case, (4.7) and (4.1) yield that 

rkz,(a') <trdeg,(JO-l, 
and the claim follows. □ 

Corollary 4.3. Assume that for ai,a2 G E/< one has 

ai n (T2 7^ 0. 
Then there exists a valuation v G Vk such that 
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Proof. The valuations cannot be independent. Thus there exists a common 
coarsening. □ 

This allows to recover the abelianized decomposition and inertia groups of 
valuations in terms of Here is one possible description for divisorial val- 
uations, a straightforward generalization of the two-dimensional case treated 
in [4, Proposition 8.3]: 

Lemma 4.4. Let K = k{X) be the function field of an algebraic variety of 
dimension n > 2. Let 0\,02 G Y^k be liftable subgroups of rank n such that 
X := 0"! n (T2 is topologically cyclic. Then there exists a unique divisorial 
valuation v such that X = X^. The corresponding decomposition group T>1 C 
Q'^ is the subgroup of elements forming a commuting pair with a topological 
generator ofX'^. 

Proof. Let z/i,z/2 G Va' be the valuations associated to ai,a2 in Proposi- 
tion 4.1. By Corollary 4.3, there exists a valuation v E Vk such that 

a, CP^^CP^, for J = 1,2. 

Let X^ be the corresponding inertia subgroup, the subgroup of elements com- 
muting with all of P". In particular, X" commutes with all elements of cti and 
(T2- Since ai, a2 are maximal liftable subgroups of Gk^ we obtain that 

X" C n a2 = X ~ Ze. 

Note that X" cannot be trivial; otherwise, the residue field would contain 
a liftable subgroup of rank n, and have transcendence degree n, by Corol- 
lary 4.2, which is impossible. It follows that rk^^ (X^) = 1 and tr deg^ (K^) < 
n — 1. 

Now we apply Corollary 4.2 to 

ar-=(Tj/i:cg^^^, for J = 1,2, 

liftable subgroups of rank n — L It follows that tTdegj^{K,y) > n — 1, thus 
equal to n — 1, i.e., z/ is a divisorial valuation. 

Conversely, an inertia subgroup X" can be embedded into maximal liftable 
subgroups (Ti,(T2 as above, e.g., by considering "flag" valuation with value 
group Z", with disjoint centers supported on the corresponding divisor D = 
D^CX. □ 

The following is useful for the visualization of composite valuations: 
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Lemma 4.5. Let v G T>Vk be a divisorial valuation. There is a bijection 
between liftable subgroups a G with the property that 

and liftable subgroups G Sx^. 

Proof. We apply [4, Corollary 8.2]: let be a valuation of K and G X". 
Let 7 G Q'j^ be such that l,, and 7 form a commuting pair. Then 7 G P". □ 

In summary, under the assumptions of Theorem 1, we have obtained: 

• a canonical isomorphism of completions \E'* : L* — ^ K* induced, 
by Kummer theory, from the isomorphism ^ : — ^ Q1\ 

• a bijection on the set of inertia (and decomposition) subgroups of di- 
visorial valuations 

Note that K* /k* C K* determines a canonical topological generator 5^ /^ G 
J", for all V G VVk, by the condition that the restriction takes values in the 
integers 

5^,K ■■ K*/k* ^Zc Zi 

i.e., that there exist elements / G K*/k* such that = 1. A topological 

generator of the procyclic group X" ~ Z^ is defined up to the action of Z}. 
We conclude that there exist constants 

e^eZl ve VVk = VVl 

such that 

(4.8) '^%,K)=e,-5,^L, MveVVk. 

The main difficulty is to show that there exists a conformally unique Z(^)- 
lattice, i.e., a constant e G Z}, unique modulo Z^^^, such that 

= e, Vz/ G VVk- 
A proof of this fact will be carried out in Section 6. 

Let z/ be a divisorial valuation. Passing to £-adic completions in sequence 
(4.2) we obtain an exact sequence 
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The sequence (4.3) gives rise to a surjective homomorphism 

Combining these, we obtain a surjective homomorphism 
(4.9) res^ : Ker(i^) 

This homomorphism has a Galois -theoretic description, via duality arising 
from Kummer theory: We have 

and 

kl = Hom(6;^^,Z,) = Hom(P^/J^,Z,); 

each / G Ker(z/) C K* = Hom(^^, Z^) gives rise to a well-defined element 
in Rom{V:/I^,Z,). 

5. i-ADlC ANALYSIS: GENERALITIES 

Here we recall the main issues arising in the analysis of £-adic comple- 
tions of functions, divisors, and Picard groups of normal projective models of 
function fields K = k{X) (see [4, Section 11] for more details). 

We have an exact sequence 

(5.1) ^ jr/r ^ Div(x) Pic(x) ^ 0, 

where Div(X) is the group of (locally principal) Weil divisors of X and 
Fic(X) is the Picard group. We will identify an element / e K*/k* with 
its image under divx- Let 

BW{X) 

be the pro-£-completion of Div(X) and put 

Div(X)^ := Div(X) ®z C BW{X). 
Every element / G K* has a representation 

/ = (/n)nGN OI / = /o/f /2 " " " , 

with fn G K*. We have homomorphisms 

divx : K* Di^(^), 
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where Dm C X are irreducible divisors, 



Equation (5.1) gives rise to an exact sequence 

(5.2) ^ K*lk* ® Z, ^ Div°(X), ^ Vlc\X){^} -> 0, 
where 

Div°(X)^ := Div(X)° ® Z^, and Pic°(X){£} = Pic°(X) ® 
is the ^-primary component of the torsion group Pic°(X). The assignment 
%{X) := limTori(Z/r,Pic°(X){£}). 

is functorial: 

(5.3) Y^X ^ %{X)^%{Y). 

We have ~ Z^^, where g is the dimension of Pic''(X). Passing to 

pro-£-completions in (5.2) we obtain an exact sequence: 

(5.4) ^ %{X) ^K*'^ Di?{X) — > 0, 

since Pic°(X) is an ^-divisible group. Note that all groups in this sequence 

are torsion-free. We have a diagram 

(5.5) 

^ K*/k*®Zi ^ Div°(X)^ Pic°(X){£} ^ 

J, J, J, 

^ Te{X) ^ K* Di>(X) ^ 0. 

Every u E VVk gives rise to a homomorphism 

u : k* ^ Ze. 

On a normal model X, where u = vn for some divisor D C X, u{f) is the 
£-adic coefficient at D of div(/). 

The following lemma generalizes [4, Lemmas 11.12 and 11.14] to normal 
varieties. 

Lemma 5.1. Let K be a function field over k of transcendence degree > 3. 
Then there exists a normal projective model X of K such that for all bira- 
tional maps X ^ X from a normal variety X one has a canonical isomor- 
phism 

%{X)^%{X). 
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In particular, T£{X) is an invariant of K . Moreover, we have 

(5.6) Te{X) = %{K) = n,^vv^Kei{u) C K* . 

Proof. For any projective X, its Albanese Alb(X) is the maximal abelian 
variety such that 

• there exists a morphism X Alb(X) and 

• Alb(X) is generated, as an algebraic group, by the image of X. 
This construction is functorial. Then there exists an abelian variety Alb(-ft') 
which is maximal for all such models. Indeed, the dimension of Alb(X) 
is bounded by the genus of a flexible curve on any birational model of X. 
Thus there exists a maximal K\h{K) dominating all Alb(X) and a class of 
normal models where Alb(X) = Alb(-R'). It suffices to observe that %{X) = 
T,(Alb(Ji)). 

The second claim follows from the fact that every divisorial valuation can 
be realized as a divisor on a normal model X of K. □ 

Lemma 5.2. Let K = k{X) be the function field of a normal projective vari- 
ety X C of dimension > 3. For every divisorial valuation v G T)Vk there 
is a canonical homomorphism: 

Assume that v corresponds to an irreducible normal hyperplane section ofX. 
Then ^^^i is an isomorphism. 

Proof. The map is induced from a canonical map of Albanese varieties (see 
[4, Lemma 11.12]). It suffices to apply Lefschetz' theorem. □ 

Lemma 5.3. Let A : X ^ be a Lefschetz pencil on a normal variety of 
dimension > 3 and Dt = A~^(t). Then: 

(1) For all but finitely many t G P^, 

ioa ■■ MX) ^ Te{Dt), 

is an isomorphism. 

(2) For any t G P^ and any surjection Dt Ct onto a smooth projective 
curve we have g{Ct) < Tkzi{%{X)). 

Proof. Follows from standard facts for general hyperplane sections of normal 
varieties (see Lemma 5.2). □ 

Lemma 5.4. Let n : X ^ C be a surjective map with irreducible fibers. 
Assume that f G Ker(z/) and that reSi,(/) = 1 G K^^, for infinitely many 
V G T>Vk corresponding to fibers ofn. Then f is induced from k{C) . 
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Proof. Assume that / mod for some n G N, contains a summand corre- 
sponding to a horizontal divisor R. By Lemma 2.3, R intersects all but finitely 
many fibers p™-transversally. In particular, divx(/) intersects infinitely many 
fibers nontrivially, contradiction to the assumption. Thus divx(/) is a sum of 

vertical divisors. ^ 

Hence / = t + g, where g E k{C) , and r G %{K). The triviality 
of r on fibers = 7r"^(c) implies that r is induced from the image of X in 
Alb(X) / A\h{Dc) . In particular, the triviality on infinitely many fibers implies 

that it is induced from the Jacobian J{C) and hence / G k{C) . □ 
Notation 5.5. Let X be a normal projective model of K. For / G K* with 

divx(/) = ^amDm 

m 

we put 

supp/^(/) := { ly E VVk I / nontrivial on X" }; 

suppx(/) := { DmC X I am^O}; 

fibr(/) := { ue VVk \ f e Ker(i>) and res^(/) = 1 G }, 
where resj^ is the projection from Equation (4.9). Note that the finiteness of 
suppx(/) does not depend on the choice of the normal model X. Put 

supp^(/) := fibr(/) U supp^(/). 
If X is a normal model of K write 

supp^(/) C supp^(/) 
for the subset of divisorial valuations realized by divisors on X. We have 

supp^(/) = Ux supp^(/). 
Definition 5.6. A K -divisor is a function 

VVk Zi. 
Each f G K* defines a K -divisor by 

divA-(/): i^^[S,y,Kj]- 

The different notions of support for elements in K* introduced in Nota- 
tion 5.5 extend naturally to iC-divisors. The divisor of / on a normal model 
X of K coincides with the restriction of divx(/) to the set of divisorial val- 
uations of K which are realized by divisors on X. In particular, it has finite 
support on X modulo for any n eN. (This fails for general K-divisors.) 
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Let E C K he a one-dimensional sub field and tte : X C the cor- 
responding surjective map with irreducible generic fiber. For all nontrivial 

/i,/2 e E*, we have 

supPk(/i) = supp'^(/2). 
This gives a well-defined invariant of E*. We have a decomposition 
(5.7) supp'^(E*) = U,^c snpp'j,^^{E*), 

where supp';^^(-E'*) are minimal nonempty subsets of the form 

supp/^(/i) nsupp;^(/2) 

contained in supp';^(-E); these correspond to sets of irreducible divisors sup- 
ported in 7r^^(c), for c G C{k). Note that snpp'j^{E*) depends only on the 
normal closure of E in K. On the other hand, the decomposition (5.7) is 
preserved only under purely inseparable extensions of E. We formalize this 
discussion in the following definition. 

Definition 5.7. A formal projection is a triple 

where C is an infinite set, {Rc\c(^c is set of K-divisors, and Q C K* a 
subgroup ofZi-rank at least two satisfying the following properties: 

(1) for all /i, /2 e Q one has supp'^(/i) = supp'^(/2); 

(2) supp^(i?ci) n suppj^(i?c2) = 0, for all pairs of distinct Ci,C2 G C; 

(3) for all nontrivial f E Q one has 

divi^ (/) = ^ a^Rc, a^eZi, 

and 

Ucecsupp^(i?c) = supp';^(/); 

(4) for all Ci , C2 G C there exists an m G N such that 

m{Rc-, - Rc^) = diY K{f), 

for some f ^ Q. 

Example 5.8. A one-dimensional subfield E = k{C) C K defines a formal 
projection tt^ = (C, {Rc}cec, Q), with C the set of fc-points of the image of 
TT^;, Rc the intrinsic i^-divisors over c G C, and Q = E*. 
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Note that for normally closed subfields E C K, the corresponding sub- 
group Q is maximal, for subgroups of K* appearing in formal projections. 

Lemma 5.9. The formal divisor div^ (-Rc) finite mod for any model 
X. 

Proof. The support of \E'*(/) mod is finite for all n G N. Now observe 
that the /i -divisors R^. have disjoint support in suppj^^((5), thus have no com- 
ponents in common. □ 

6. One-dimensional subfields 
We recall the setup of Theorem 1 : 

Our goal here is to show: 

L* ^K* 

L*/l* {K*/k*y 

for some constant e. We know that g E K*/k* (g) have finite support 
suppjy(5'), on every normal model X of K. In the second half of this section 
we will prove: 

Proposition 6.1 (Finiteness of support). For all f E L* /I* and all normal 

models X ofK the support snppxi"^* if )) is finite. 

Assuming this, we will prove: 

Proposition 6.2 (Image of For all f E L* /I* there exist a function g E 
K* /k* and constants N E N, a E such that 

(6.1) ^^J*(ff = g-. 

Moreover, there exists a constant e G such that 

M/*(/(/)7r®Z(,))C {kigr/k*^Z^e)y. 

Considerations in Section 4 imply that under the assumptions of Theorem 1 
we have a canonical commutative diagram, for every v E VVk- 
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Ker(i^) 







%iK) Ker(z/) 



By [4, Proposition 12.10], the 
In both proofs (Finiteness of 



for some constant e G Z|, depending on u. 
left vertical map is a canonical isomorphism 
support and Image of \E'*) we will apply the inductive assumption (1.2) to 
residue fields of appropriate divisorial valuations. 



Proof of Proposition 6.2. Let X be a normal projective model of K and put 
/ := ^*{f ). By Proposition 6.1, we may assume that suppj(^(/) is finite, i.e., 

diYif) = Y,djDj, 

where J is a finite set, dj E and Di are irreducible divisors on X. Then 

there exists an iV G N such that G Div°(X)^ C Div°(X). By (5.5), we 
have 

is/ 

with I a finite set, G Z^ linearly independent over Z(£), gi G K* /k* multi- 
plicatively independent, and G %{K). 

The projective model X contains a hyperplane section D C X such that 

T,(AO=T,(X) = T,(Z}), 

under the natural restriction isomorphism g from Lemma 5.3, and the re- 
strictions of gi to D are multiplicatively independent in k(D)* /k* = K^/k*, 
where u = vd- 

By the construction and the inductive assumption, we have res,^(/^) = gl", 
where K e Ze, g^ E Kl: 

res,(/^) = res,(t;) -UTesM"' = 

In particular, j:es„{tj:) = 1 and hence tj: = 1. Since res^((7i) G -fC* are 
independent, it follows that = 1 and 

/^ = ^?^ ^7GA'7r, aGZ,. 

This proves the first claim. 
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The function g G K* /k* defines a map vr : X ^ C from some normal 
model of K onto a curve, with generically irreducible fibers. For each h E 

/(/)*//*, consider divx(**(/i)) C Di7°(X). Then divisors in divx(**(/i)) 
are 7r-vertical. Indeed, the restriction of 5 to a vr-horizontal component D 
would be defined and nontrivial. On the other hand, the restriction of / to 
D is either not defined or trivial, contradiction. By Lemma 5.4, ^*(h) E 

kiC) = k{g). 

Let z/ = z/£) be a divisorial valuation such that / is defined and nontrivial 
on D. Then 

fELlir^ndgEKl/k\ 

and 

X,D/(/) ^k{g) CK,. 

By the inductive assumption, this implies that there exists a constant e G Z| 
such that 

vi>:(/(/)7r ® Z(,)) c (%)7F ® Z(,))% 

(see, e.g., [4, Proposition 13.1]). □ 

We now prove Proposition 6.1. Fix a normal projective model Y of L. The 
subfield F = l{f) determines a surjective map np : Y ^ C with irreducible 
generic fibers. For each c G C we have an intrinsically defined formal sum 

(6.2) Rc= ^ ac,uRc,u, ac,u G N, 

where 'DVl,c C VVl = T^Vk is the subset of divisorial valuations supported 
in the fiber over c, R^^y is a divisor on some model Y ^ Y realizing u, and 
ac^y are local degrees. Note that Rc do not depend on the model Y , and that 
i?ci and -Rc2 have no common components, for ci 7^ C2. Furthermore, the 
sets VVl,c have an intrinsic Galois-theoretic characterization in terms of F*: 
these are minimal nonempty subsets of the form 

supp^(/i) n supp^(/2), /l, /2 G F\ 

contained in supp^(F*). 

For each model F — F we have a map 

Rc ^ ^Y,c ■~ ^ ^ 0'c,vRc,vi 
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the fiber over c. The divisor of a function / G F* /I* on this model can be 
written as a finite sum 



divy (/) = n^RY,c^ e N. 



Given each f G L* defines a Z^-valued function on VVl by the 

Kummer-pairing from Theorem 3.4 

(6.3) r 

Similarly, each Rc defines a function on VVl by setting 

U ^ 5y^L ■ Rc = 5y^L{t), 

where t is a local parameter along c if is supported over c, and i-^ 0, 
otherwise. 

For f e F* C L* write 

divc(/) = ^ bj:^^c, bf^c e Zf, 
cec 

with decreasing coefficients bf . Then (6.3) is given by 



We face the following difficulty: we don't know the image \E'*(F*//*) in 
K* , and in particular, we don't know that \E'*(_Rc), resp. \Ef*(i?y ^), as func- 
tionals on VVk^ correspond to fibers of any fibration on a model X of K. 
However, we know the "action" of ^* on the coefficients in Equation (6.2): 

Lemma 6.3. Either there is a nonconstant f G F*//* 5mc/z ?/za? suppj(^(\E'*(/)) 
is finite or there is at most one c E C, where C corresponds to F, such that 
'^*{Rc) has finite support on every model X of K. 

Proof. Let ci, C2 G C be distinct points such that 

SUpP;^(^*(i?e)) U SUpp^(^*(i?e')) 

is finite. Then there is a function / with divisor supported in this set, thus 
finite supp^($*(/)). □ 

Proof of Proposition 6.1. By contradiction. Assume that suppx(^'*(/)) is in- 
finite. An argument as in the proof of Proposition 6.2 shows that the same 
holds for every h G l{f)*/l*. 
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Fix a Lefschetz pencil A : X — > such that for almost all fibers Dt of A 
we have a well-defined 

res, : /(/)*//* ^ ^ 

where ut is the divisorial valuation corresponding to Dt. By the inductive 
assumption, there exist one-dimensional closed sub fields Et = k{Ct) C 
k[Dt) = Ki,^ such that 

vl/*(res,,(/(/)7/*) ® ^m) ^ {E; ® , et e Z*. 

We have an induced surjective map 

as in Lemma 2.2. Passing to a finite purely-inseparable cover of Ct we may 
assume that vr^ is separable (this effects the constant e by multiplication by 
a power of p which is in Zp. We identify the sets C{k) and Ct{k), set- 
theoretically. 

Fix a family of flexible curves {Tt} uniformly on all but finitely many Dt 
as in Lemma 2.5 and let m be the bound on the genus of these curves obtained 
in this Lemma. Put N := m + A and choose ci, . . . , cat G Ct{k) = C{k) such 
that supp;sc(-Rcj ) is infinite for all j, this is possible by Lemma 6.3. 

For each Cj express the fiber over Cj as 

oo 

e=0 *G^e,j 

where lej are finite, and Ri,e,j irreducible divisors over Cj, and ej^ej ^ Z,^ (see 
Lemma 5.9). Let Sc^^e = ^Ri,e,j be the support of Rcj,e- Note that Tt intersect 
all Scj,e and write dj^e '■= deg{Scj,e ■ Tt) for the degree of the intersection. 
Choose M such that for all j = 1, . . . , one has 

M 

(6.4) djfl < J2 dj,e, 

e=l 

this is possible since the number of components over all cj is infinite. Using 
Lemma 2.3 choose t so that the intersections 

Ri,e,j,t • Dt ■ Ri^e,j 

are p-irreducible and pairwise distinct, this holds for all but finitely many t. 
Choose a flexible curve Tt C Dt such that 

• Tt does not pass through the points of indeterminacy of TTt : Dt ^ Ct, 

• Tt is not contained in any of the Ri,e,j,u 
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• Tt does not pass through pairwise intersections of these divisors. 
Consider the restriction 

irt-.Tt^ Ct. 

By the choice of Tt, the number of nonramified points over each Cj is at most 
djfi. On the other hand, the ramification index over Cj is at least £ ■ Xl^i ^j-e- 
By the choice (6.4), combined with Hurwitz formula in Lemma 2.4, we obtain 
that g(Ti) > m, contradicting the universal bound. □ 

Proposition 6.4. There exists a constant e G such that 

(6.5) **(L7/* ® Z(,)) = {K*/k* ® Z(,))^ 

Proof. By Proposition 6.2, for each one-dimensional subfield F = l{f) C L 
there exists a one-dimensional subfield E = k(g) and a constant e^? G Z^ 
such that 



**(F7/* ® Z(^)) C {E*/k* ® Z(^); 



Moreover, for /i, /2 G L*//* we have \E'*(/j)^^ = ^f^^ for some Nj G N and 
ej G Z^. It follows that the symbol (/i, /2) is infinitely divisible in K\f{L) 
if and only if {gi,g2) is infinitely divisible in K\.j{K). Thus /i,/2 are al- 
gebraically dependent if and only if gi,g2 are algebraically dependent, see 
Lemma 2.6. In particular, if fi, f2 are not powers of the same element in L* 
the same holds for gi, g2, i.e., the divisors of gi, g2, on any model X of K, are 
not proportional. We have 

= 9i\ '^*{f2Y' = 92\ and vl;^/,/^)^- = g^^\ 

We need to show that ai, 02, ai2 span a 1-dimensional lattice, modulo Z(£). 
We have 

^712 = ^f^/--^^^-^/"-^^, for some iV^, N2 G Z(,). 

In particular, for any divisorial valuation u in the support of gi2 the integral 
coefficient 612(2^) = [5v,K,gi2\ ^ Z equals 

6i(z/)ai/ai2A^i + &2('^)tt2/ai2^'^2, for some 6i(z/), 62(1^) G Z. 

Since the divisors of gi, g2 are not proportional the rank of the correspond- 
ing system of equations, as we vary over u, is at at least 2. Hence both 
ai/ai2iVi, a2/tti2^2 are rational, as claimed. □ 
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7. Proof 

In this section we prove our main theorem. 

Step 1. We have a nondegenerate pairing 

G'i.xk* ^ Z,(l). 
This implies a canonical isomorphism 

\^* L* K*. 

Step 2. By assumption, ^ : Q1 is bijective on the set of liftable 

subgroups, in particular, it maps liftable subgroups a G to a liftable sub- 
groups of the same rank. In Section 4 we identify intrinsically the inertia and 
decomposition groups of divisorial valuations: 

i: C VI C : 

every liftable subgroup a E contains an inertia element of a divisorial 
valuation (which is also contained in at least one other a' e S^)- The cor- 
responding decomposition group is the "centralizer" of the (topologically) 
cyclic inertia group (the set of all elements which "commute" with inertia). 
This identifies VVk = VVl- 

By [4, Section 17, Step 7 and 8], an isomorphism 

of abelianized Galois group of function fields K = k{X) and L = l(Y) of 
surfaces over algebraic closures of finite fields of characteristic ^ £ implies 
the existence of a constant e G and a canonical isomorphism 

By the induction hypothesis, we may assume that this holds in dimension 
< n — 1: Once we have identified decomposition and inertia subgroups of 
divisorial valuations, we have, for each v G VVk, an intrinsically defined 
sublattice 

m*{Li/r) = {Ki/k*y c kl 

of elements of the form /% with / G K^/ k* and e G in the completion of 
the residue field. Using Proposition 6.4, we prove that the same holds for the 
image of L*/l* in K*. 
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Thus we obtained an isomorphism 

g-i . ^* : L*/l* ® Z(^) ^ K*/k* ® Z(^) 

which maps mukiplicative groups of one-dimensional subfields of L into mul- 
tiplicative groups of one-dimensional subfields of K. The same holds for 
multiplicative groups of subfields of transcendence degree two (see Proposi- 
tion 6.4 and its proof; Lemma 2.6 allows to characterize algebraically inde- 
pendent elements). To conclude the proof it suffices to apply the inductive 
hypothesis, the case of surfaces: in [ ] we showed that the additive structure 
is canonically encoded in these data. 
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